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1 Introduction

With the capacity of today’s computers, one can
envisage the resolution of shape optimization prob-
lems in aerodynamics. Nevertheless, optimization
methods require many evaluations of different aero-
dynamic configurations, and so are much more ex-
pensive than a single analysis. It is therefore manda-
tory to find methods that evaluate aerodynamic
functions and their gradient at the lowest possible
computational cost, as well as fast and robust op-
timization methods.

Classical optimization techniques (descent methods)
not only require the value of the function to opti-
mize, but also of its gradient. The classical way
to compute the gradient is to use a finite-difference
formula; the main drawback of this method is due
to the fact that n + 1 evaluations of aerodynamic
functions are necessary at each iteration, n being
the number of parameters defining the geometry
to optimize. So, such methods are completely un-
suited to aerodynamic shape optimization, because
of the high computational cost of the single analy-
sis. Alternative methods (stochastic optimization,
genetic algorithms) that don’t require gradient in-
formation are also highly costly in term of CPU
time.

For a few years, techniques for sensitivity analysis
based on the optimal control theory have been de-
veloped ([1],[13]). These techniques derive from the
state equations another set of equations called ” ad-
Jjoint” or ”costate” equations. The solution of these
adjoint equations is used to compute the gradient
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at very low cost; since solving the adjoint equa-
tions is equivalent to solve the state equations, the
cost of sensitivity analysis is greatly reduced. Some
authors use adjoint equations derived from the dis-
cretized Euler equations ([5],[7]). In this paper, we
focus on adjoint equations derived from analytical
state equations.

2 Optimal control

A typical shape optimization problem can be stated
as follows:

Let Q be a subspace of R%. Find the shape of Ty,
a boundary of Q controlled by design variables u,
such that the functional:

J(u):/r ®(s, qs, qy, u)dly (1)

computed on a boundary T'y (where T'y and Ty can
be different) is minimized

Over the domain €2, the state variables s are gov-
erned by the advective-diffusive state equations:

0z [£(s) — £u(a, a0, 9y)] + Oy [8(5) — 8v(a, A= @) = 0
Gi(q> 9z, Qy) ll.) = 0
where q = q(s) are the primitive variables and
qz: = 0;q=MJi,s (4)
@ = Gyqa=Mdjys (3)

with M = %951 the jacobian of the transformation
between primitive and state variables.

on (2)
on I';(3)
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In order to find an optimality condition, one have
to form the Lagrangian of the problem:

L = J
+ /wax(f—fuway(g—gv)]dﬂ

+ Z/p,.#’rGidri

+ / AT (qr — M8.s) + AT (q, — M&,s) dQ
“ 6)

where 9, i, 1z, %, are the costate or adjoint vari-
ables associated with the state equations, state bound-
ary conditions and primitive-conservative realtions
respectively.

The optimal control theory states that the Lagran-
gian is stationary at the optimum solution, i.e. at
the solution, the (independant) variations of the La-
grangian with respect to the state (s), costate (¢, u)
and design (u) variables is zero.

The variation of the Lagrangian due to the design
variables is the sum of two contributions:

e a local variation due to the variation of the
design variables;

e a convective variation due to the displacement
of the domain and boundaries.

The variations of the Lagrangian due to the state,
and costate variables are local variations.

2.1 Local variations

The local variation of the lagrangian can be split in
eight parts:

8Lic = 8L +8LY + LT +OLY, + LY,
+ 6Lk 460 4oL )

loc
As the variations of the state, costate and design
variables are independent, the variation of their con-

tribution to the variation of the Lagrangian must
be zeroed independently.

loc

to zero leads to the state equations and bound-
ary conditions, while setting §£= and §L0Y to zero
leads to the primitive-conservative relations.

It is easy to demonstrate that setting SLY. and §LK

The local variation due to the design variables is:
OHi
3L = —dudl; 8
loc ; T 811 u ( )
where the Hamiltonians H are defined as:
o Hy = d>+p3;Gf on I'y;

e H; = uT G; on the other boundaries.

The local variation due to the state variable is,using
Gauss’ theorem:

oLy, = —/Ur{sz[(A—Av)nz+(B—Bv)ny]}asdri

- {[/\Inx +A$ny] M+,uiT85Gi+8s®}(5s dr;
ur

+ / {(A-A) 8v+(B-B,) 8yv} bsdo
11
- [eama o, () + 375 o
9 Os
oM
+/\$Eﬁys}és ds2 9)
or
8Ly, = —/ {v7[(A — A,) 1y + (B — B,) ny]} 6sdl;
ur
= [ ADEnc 4 AT, I M+ 400G+ 800} s,
+ / {(A —A) 0+ (B-B,)" 6y¢} 8s d§2
1]
- / {MTax)\:v - MTay/\y} s dS2 (10)
o
where
of o
— — 98
A= Os B=5
of, .
Av=Go Bu= G (11)

The local variation due to ¢, and q, are, using
Gauss’ theorem:

LA

I

+/ﬂ{/\x+ (CTo ¢+ ET8,9) } 6q, dD

loc /F {6QI¢+ZM?6QIG1‘ -7 (Cnx‘i‘Eny)}JQr dr
v i

(12)




LY = / 0q,®+ Y17 84, G
! UF{ qy Z':I‘L qy
—yT (Dn, + Fny)} dq, dT
+ f {\ + (DT0.v + FT9y9) } dq, dO2
0
where
of, _ o,
C= . E= 55:
of,
= v = oy
D=jr F=i&

Equaling the integrals over § to zero in (12) and
(13) gives the relations between 1, A, and Ay:

~ (€789 +ET9,)
- (DT8,9 +FT4,)

Az =
Ay

(14)
(15)

Equaling the integral over Q to zero in (10) and us-
ing the two above relations gives the adjoint equa-
tions:

(A-A)T 0.9+ (B-B,)T 9y

+M7 (a,j,, +0y8,) =0 (16)
with:
f, = (CTo,¢ +ETo,4)
g, = (DTo,v+FTo,4)

the ” adjoint viscous fluxes”.

The adjoint boundary conditions are found by equal-
ing integrals over T; to zero in (10),(12) and (13):

(An — Aun)" ¢+ CT8, 4 + ET 9y

+uf8.Gi + 8,8 =0 (17)
8q.® + T 04.Gi = CTy (18)
0q,® + T 04,G; = DTy (19)

with:

A,=An,+Bny, Ayn=A,n;+Byny
C, =Cn; 4+ Dny E, =En; +Fny

C, =Cnz+Eny D, =Dn; +Fny

2.2 Convective variation

Let us first recall that the convective variation (i.e.
the variation due to the movement of the domain)

of a functional of the form:

J = / fdr
r
is:
1 -
( 3gjccnv :/ (vfﬁ+'gf) dI‘
T
with: .
_ 0,& -1
= 7
14|
where:

e the boundary T is described by the parameter
o: T (z(0),y(0));
o s the tangent vector: ¥ = (doz doy);

e & is the boundary displacement due to the
change of the design variables.

For a functional of the form J = fn fdQ, the con-
vective variation is:

é‘Jconv — f fwn dF
r

where w,, is the projection of & to the normal to
the surface T’

Applying the formula above to the Lagrangian of
the system (6) leads to the following convective
variation (where Gauss’ formula is applied):

5o / (H +475,) - @ + (H + T8k dT
ry

G
+ [ (€87 00+ - 8" 0] wnar
f (20)

If the adjoint equations hold, the variation of the
Lagrangian is formed by the convective variation
(20) and the local variation due to the design equa-
tions (8). Considering that & = £8u, the optimality
condition is:

5L = Gou (21)
where:
- My T
G = -/I‘, [ o +(<I>+1,b f.)
+ V(@+¢TL,) £+ 4IVG £
+ [E-£)7 6+ (- 8)" 0] €nar]

(22)
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This equation is the design equation. The quan-
tity G can be used as a gradient in an optimization
procedure.

In summary, the optimality condition has the form
of three sets of equations:

o the state equations (2) and boundary condi-
tions (3);

o the adjoint equations (16) and boundary con-
ditions (17,18,19);

o the design equations (22).

3 Application to two dimensio-
nal Navier-Stokes equations

3.1 The Navier-Stokes equations

The 2D Navier-Stokes Equations have the form:

O:(f —1f,) + 0y(g —gv) =0 (23)

where f, g are the inviscid fluxes , and the viscous

fluxes are given by:

T
o f, = [0; Tex, Toys UTee + Uy — h:z:]

T
o g, = [0, Toy, Tyy, UTgy + vTyy — hy]

The components of the stress tensor 7 and the ther-
mal flux ¢ can be expressed in term of the first
derivative of the primitive variables q = [p, u, v, T]:

* Ty = guamu - %p(?yv
o Ty = 3p0yv — Jud,u
* Toy = p(Oyu+ Orv)

o h=—kVT

with p(T) the dynamic viscosity, and k(T") the ther-
mal conductivity.

The far-field boundary conditions are the same as
for the Euler equations. The conditions for a wall
are:

e the no-slip condition: u =v =0

e the isothermal condition T' = T or adiabatic
condition VT -7 =0

3.2 Optimization problem

The functional to minimize has the form:

J = ®(p, 7w, Tn)dl s
Ty

(24)

with p the pressure and 7, the wall shear stress.
The wall normal viscous stress 7,, which is zero,
has to be introduced for compatibility reasons in
the adjoint boundary conditions [10}{2].

3.3 Adjoint equations

The adjoint equations are given by (16). Expanding
this equation leads to:

AT 9,9 + BT, — MT (ava + aygu) — h, (25)

with:

L4 f‘v = [07 | nya k'a:cw‘l]T

4 gv = [0; r:vyy I\yyy kay¢4]T
o h, =AT9, ¢ + BT 8,4, or in extenso:

h,, = 0

hyo = Tpp0pths + oy 0ytha
hys = TuyOzthe + TyyOyths
hoe = kr(Voe 97)

KT

+ 7 (me6x¢2 + Txyaxw?) + Txyay% + Tyyay¢3)

where pr, k are the derivatives of the viscosity and
conductivity with respect to the temperature. The
components of the adjoint tensor I' are:

o Too = 311 (Botha + ubotba) — 2 (Oyths + vy va)
o Iyy = %# (Oy¥s + vOytha) — % (Ozt2 + ulztha)
(

1 (Ozths + Oyba + udyths + v0pa)

o I'yy



3.4 Adjoint boundary conditions on
a wall

The adjoint boundary conditions for a non-slip wall
ar computed by the equations (17,18,19). A lenghty
calculation gives the following result:

e for ¥:
- s =@,
— Yy =@ = -9,
~ 14 = 0 (isothermal BC), or
kit - Vs = &, Ty (1 - Hil) (adiabatic
BC).
o for p:

— Hn = "‘(P",bl + Pn)
— Hs= Tw% -T
—ps =&, 7y (1 — E’—‘T—)—kﬁ~6¢4 (isother-

mal BC), or
us = ki4 (adiabatic BC).

where (¢n,9,) and (pn,ps) are the normal and
tagential to boundary components of the vector
(2, ¥3) and (g1, p2); T and T are the normal and
tangential components of the adjoint tensor T'.

The adjoint boundary conditions also give a com-
patibility condition on the objective function ®:

&, =-9 (26)

3.5 Design equation

The design equation is calculated using (22). Sev-
eral terms in V(® + 97Tf,) cancel each other due
to adjoint boundary conditions, and the gradient is
written:

0
G= nga(q)"'p"pn—ﬁvl/)s) de
+ [ @+pbo— b)) nar;
Ty
+/P Pt - € — 7P, - €4T
f
+f p,Vup - €+ pyVu, - €dTy
Ty

+/ (pﬁ' - %’"r, — kYT - 61/;4) &, dl; (27)
Ty

with:

LTACR (1—”—:—)—Fs

o ub =pHtpy — T,

4 Discretization and numerical
solution

The optimality condition is composed of three equa-
tions (state,adjoint and design). The most com-
mon method, which is the one used in this work,
is to stand on the intersection of the state and ad-
joint surfaces, i.e. to have state and adjoint vari-
ables that satisfy state and adjoint equations, and
to march to the design surface . This method is
the well-known descent method, commonly used in
mechanical optimization.

4.1 Navier-Stokes equations

The Navier-Stokes equations (23) are discretized
by finite-volume method and solved by an implicit
time marching method[9] .

Integrating the unsteady equations on a finite vol-
ume €; and using the Gauss theorem yields:

5, ‘/nisin+ﬁ(F(s,n)—Fu(s,n))dI‘ (28)

where F = fn, +gny and Fy = fyn, 4+ g, ny are re-
spectively the advective and viscous fluxes through
the boundary T' of the cell.

Considering polygonal cells, and integrating the flux
using an ng-points Gauss formula, gives:

at/ s dQ; + sziwg (F5 - Fus) =0 (29)
Q

JEN;

where [; is the length of the edge 7, wgy the weight of
the Gauss point,and N; is the set of edges defining
the control volume ;. The numerical inviscid flux
are computed using the Roe flux-difference split-
ting:

F=

2| =

(30)

[F(sL,n) +F(sR,n) — [((s%, 57, m)| (% — sL)]
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where Q is the Jacobian matrix evaluated using
Roe’s average of sf sl the latter being the value
at the right or the left of the edges extrapolated
from the center of the adjacent cells. This recon-
struction can be of order 0 {constant), 1 (linear)
or 2 (quadratic), and may imply complex detector-
limiter to deal with flow discontinuities (shocks or
slip lines).

A centered discretization is used to discretize the
viscous terms of the Navier-Stokes equations. The
viscous flux is evaluated at one point located at the
middle edge.

Once the spatial part is discretized, the equation
is integrated in time with a fully implicit Newton-
like method. The following non-linear equation is
solved at each time step:

Sn+1 —g"

n+l _ny _
T(S 1S )— At

+R(E™) =0 (31)

If this equation is linearized, the following linear
system is obtained:

<i + J) s"tl = —F(s",s")

At (32)

with J = 53%, the jacobian matrix. This system
is solved by a 1-step Newton method using a ILUO
preconditioned GMRES Algorithm[14].

4.2 Adjoint equations

The continuous adjoint equations (16) are discretized
with the same finite-volume method as the Euler
equations: integrating (16) over a cell 7 gives (us-
ing Gauss theorem):

o [ watu+ [ ATo.4+BT0,b 0
Q; X

i

+ | 8. f+ 8y§d1"=/ hdQ;  (33)
Q:

Q;

or, using cell averaged values and applying Gauss
theorem on integrals containing 8,9, 9y,

Octi + Z lj ng (C-},~j + M?Fvn ("!)z]))
JEN;

=AL N LY we; (34)

JEN;

where the numerical adjoint advective flux éij is
computed with a Roe-like flux splitting formula:

Gij = 3 [AZ(s0) (0% + %) —v (37— 42)] ()

with A,, = An,;+Bny and v an artificial dissipation
factor. This dissipation factor is mandatory for the
convergence of adjoint equations used in transsonic
flows problems. It will be shown that in such prob-
lems, the discontinuous state variables imply Dirac
peaks in the adjoint solution. A lot of dissipation
is then needed to avoid divergence problems.

As for the state variables, the adjoint variables on
the edges are extrapolated from the nodal values us-
ing a constant, linear, or quadratic reconstruction.
The adjoint viscous flux F, is evaluated in a simi-
lar manner as the viscous flux of the Navier-Stokes
equations.

Time derivatives are added to the adjoint equa-
tions to obtain a time dependent system of equa-
tions, which is then solved iteratively by using the
same method as for the Navier-Stokes equations,
i.e. fully-implicit Newton-like integration.

4.3 Optimization procedure

The optimization procedure presented here consists
in transforming the highly non-linear shape opti-
mization problem:

min f(
with  ¢;(x)
where the function and constraints are not explicitely

known into a sequence of simpler (explicit) prob-
lems. At each iteration &, a subproblem P* :

f) (x)
P <a

x)
<¢ fori=1---n, (36)

min

with fori=1--n,

(37)

is constructed and solved by the CONLIN proce-
dure developed at the University of Liege[6].

In this procedure, the key point consists in find-
ing a good modelling of the objective function and
constraints. Two different approaches were tested.

The first method is called ”Method of Moving Asymp-
totes” (MMA)[11]. At iteration k, a function f is
approximated by:
n
f(k)(x) — Z Pi + qi +r

i=1 Ui(k) —z; T L,(k)

(38)



The parameters r,p; and ¢; are adjusted such that

f(x(k)) - f(x(k))
off  _ of
61}5 200 31,- 2k)

In addition p; is set to zero when 8,;,f < 0 at~x(k)
and g; is set to zero when 9;, f > 0, such that fisa
monotoneous increasing (resp. decreasing) function

of z;:
*) _ ]
o (k)

max [0, (Ui(k) _zz(k)>2 ﬁ

p; Oz
2
o o -y 2]

The parameters U,-(k) and Lgk) are the asymptotes
which are allowed to move from one iteration to
another, in order to narrow or broaden the feasible
space

The second method of approximation is the ”Di-

agonal Quadratic” method [4]. At iteration k, a
function f is modelled by:

- n 1 2
) (x) = f(x(k))*‘; bi(zi—a{")+5a; (Zz' - xz(k))

(39)
with:
of
b; =
(’)m,- z(k)
a; = s
YT 9z} 2(k)

As the second derivatives of the function is usually
not available, the term a; has to be approximated.
We have employed a rank-1 update procedure for
the coefficients a;:

v}

af-k+1) = al(-k) + o (40)

with v = Vf¢+D) — T k) 5 = v7T (x*+1) — x(*))
and o a relaxation factor:

D “12

z||v|

o = min (1,

5 Geometry considerations

5.1 Airfoil parametrization

The profile is defined by the formula:

y(z) = ye(z) £ 4:(2)

where y; and y. are the thickness and camber dis-
tributions defined as follow (see figures 1(a) and

1(b)):

(41)

o the thickness distribution is modelled by two
Bezier curves (one curve of degree 3 on the
front part and one of degree 2 on the aft part);
the design variables are the position and value
of maximum thickness, the leading edge ra-
dius and the trailing edge wedge angle.

e the camber distribution is modelled by two
Bezier curves of order 2; the design variables
are the position and value of maximum cam-
ber, and the first derivative at leading and
trailing edges.

The airfoil section is then defined by eight parame-
ters.

5.2 Mesh movement

During the optimization cycle, the geometry is mod-
ified and the computational mesh must be adapted.
A straightforward method consists in generating
a new mesh at each iteration, but this requires a
fast and robust mesh generation technique. In the
method used here, which is called ”spring analogy”,
the vertices of the mesh are moved, without chang-
ing the connectivity nor the number of mesh points.
The mesh is considered as a spring network that re-
acts to a perturbation of the boundary by adjusting
the vertex position in such a way that the deforma-
tion energy is minimal. This leads to a system of
non-linear equations that are solved by a Newton
algorithm.

The spring analogy method is well suited for un-
structured meshes for inviscid flows but needs some
modifications to be used on hybrid meshes for vis-
cous flows, because of the high aspect ratio of the
cells in the boundary layer that can produce over-
lapping or highly distorted meshes. A vertex ¢ near

18-7
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Figure 1: Airfoil modelisation

the moving boundary (in the boundary layer) is
moved according to the formula:

XXt = ald) (G- xY) (42)
where j is the nearest point on the boundary with
respect to ¢, and a(d) € [01]is a decreasing function
of the distance to the boundary d, and vanishes for
d > d.... This procedure is applied to all the ver-
tices for which d < d.,., and the remaining vertices
are updated with the spring analogy.

6 Results

6.1 Inviscid transsonic Lift /Drag Ra-
tio optimization

The test case consists in maximizing the lift to drag
ratio at M=0.8 and an incidence of 2 degrees, with a
lower bound to the maximumthickness of the airfoil
(12% of chord). In such a configuration, there is a
shock on the lee-side of the airfoil. This discontinu-
ity in the state variable induces Dirac peaks in the

adjoint solution The first adjoint variable obtained
at the first iteration step is shown on figure 2.

(a) ¥, field

First adjoint variable

psl_1

. s L L s L L L .
0 01 02 03 04 05 06 07 08 09 1
xe

(b) ¥1 on airfoil

Figure 2: First adjoint variable

This peak is smoothed by the numerical computa-
tion which involves a numerical dissipation scheme.
Attempts to use a less diffusive flux (i.e. a Roe-
type flux difference splitting) may lead to a failure
of convergence.

This type of discontinuity is inherent to the prob-
lem, because the shock in the flow solution is not
differentiable. Such Dirac discontinuities can be
found also when using the flow sensitivity deriva-
tives to compute the gradient[8].

The problem of minimizing the ratio g—‘; is not obvi-
ous because the cost function cannot be written in
the form (24), although C; and C; have this form.

The gradient of f = g—;’ is

1

vf G

(VCy— FVC) (43)




One straightforward approach is to compute two
adjoint problems, with functions C; and C; and
to put their gradients in the formula above. The
method used here consists in using the functional
f= CL,U (Ca — foCi), defined at the current design
point ag, for the computation of the gradient. This
function has the same gradient as the initial cost
function at the current design point, and has the
form (24), because it is linear in C; and Cy. Its
gradient only requires one adjoint computation.

After twenty iterations, the lift to drag ratio has in-
creased from 2.03-1072 to 10.65. The final airfoil is
slightly thinner than initial airfoil, with camber and
a sharper trailing edge, see figure 3. The lee-side
shock has slightly increased and moved backward

(fig. 3).

: . :
oo Initial ——
000000000, o~ Optimized -e--
‘“ -1

yic

-0.06 L —_—

. f L L
[} 01 02 03 04 05 06 07 08 09 1
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(a) Shape modification

1.5 T T —T T

ooo Optimized -&---
H

<p
(=]

S S
0 01 02 03 04 05 06 07 08 09 1
x/c

(b) Cp comparison

Figure 3: Shape and Cp comparison
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6.2 Lift maximization

The first test case is a lift coeflicient maximization
of an airfoil in subsonic viscous flow (Mach=0.5,
Re=100.000). The initial airfoil is a slightly cam-
bered NACA0012, and an upper bound on the drag
coefficient is imposed. This problem was solved
with different approximations for the objective and
the constraint ( in the text below, MMA/QUA stands
for ”Method of Moving asymptots for the objective
and diagonal quadratic method for the constraint”,
for example). Results are presented in table 1 and

2.

Method Cr Cp =
Initial | 1.778-10"F | 3.024-10~7 | 5.88
MMA/MMA | 2.399 10~ | 2.771- 102 | 8.66
MMA/QUA [2449-10°T | 2.774-10°2 | 883
QUA/QUA [2.273- 101 | 2.945- 107 | 7.72

Table 1: Aerodynamic coefficients

Method AC, | ACp | A&
MMA/MMA | +34.9% | —8.30% | +47.2%
MMA/QUA | +37.7% | —8.30% | +50.1%
QUA/QUA | 4+27.8% | —2.60% [ +31.2%

Table 2: Performance of the different
approximation techniques

It can be noticed that the all-MMA or MMA/QUA
strategies work better than the all-QUA strategy.
That can be due to two facts:

e the MMA approximation is well suited for
monotonically decreasing or increasing func-
tions (and that can be the case for CL);

e the QUA method relies on the quasi-Newton
approximation of the Hessian matrix, which
can be quite inaccurate, especially during the
first iterations.

Figure 4 shows the initial and optimized shapes for
MMA/QUA and QUA/QUA computations (MMA/MMA
gives almost the same airfoil as MMA/QUA).

Figure 5 shows the Mach field around the optimized
airfoil (MMA/QUA).

The optimized airfoil is cambered (1.1%) to increase
lift, with the position of maximumcamber displaced
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Figure 5: Mach field around optimized airfoil (Mach
max.=0.89253)

toward aft (at 75% of chord), in such a way that the
recirculation bubble is smaller (see figure 6), thus
leading to a decrease in the viscous drag coefficient.

6.3 Inverse design

Inverse design problems can be treated as optimiza-
tion problems, the function to optimize being the
least square distance between a target pressure field
and the actual pressure. Although optimization
techniques are much more expensive in term of cal-
culation time, they always succeed in finding an
optimum value where inverse design techniques can
fail. Inverse design problems are also useful when
testing algorithms, because the optimal solution is
known.

001 F

0.005

Cf

-0.005 I+

-0.01 s

-0.015
0

x/c

Figure 6: Skin friction coefficient on initial and op-
timized airfoils

In the present test case, the pressure of an air-
foil (Mach=0.5, Re=100.000) has to be matched
to the pressure field of an RAE2822 airfoil in the
same flow conditions. The initial airfoil is the same
NACAO0012 as in the previous test case. The opti-
mization technique used is MMA.

As can be seen on figure 7, the final solution is very
close to the target, in term of shape and pressure
distribution.

The residual history gives valuables observations of
the behaviour of the MMA algorithm: the initial
oscillations of the objective functions, due to oscil-
lations of the variable describing camber, are pro-
gressively damped by bringing the moving asymp-
tots closer to each other. However this leads to a
non-optimal solution; this difficulty was overcome
by restarting the algorithm after iteration 13 (see
figure 8).

In the previous calculation, the upper and lower
bound on the design variables are chosen such that
the optimal solution lies on the boundary of the de-
sign space. In such a case, the MMA approxiamtion
is very efficient, because the objective function is
generally a monotonous function. When the solu-
tion is inside the design space, MMA fails to find
the real optimum because it cannot model functions
with one (or more ) extremum. Figure 9 shows
the result of the same test case, with a larger de-
sign space: the computed solution lies on the design
space boundary and is not the real optimum.
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Figure 7: Initial, target and optimized shape and
Cp comparison

7 Conclusions and prospects

In this paper, we have showed that the adjoint
method can give accurate gradient to aerodynamic
coefficients. This method, together with fast flow
analysis algorithms and a robust constrained op-
timization procedure, is mandatory for the resolu-
tion of aerodynamic shape optimization problems
in 2D on small workstations (all the calculations
were done on a single CPU HP-C160 workstation).

Further work is needed on the resolution of the
adjoint equations, especially to derive the adjoint
equations for turbulent flows. Another topic of in-
terest is the study of approximations of the func-
tions; a hybrid method involving both MMA and
QUA could be very efficient[12] if a good approx-
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0.025
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0.015

Objective, Camber

0.01
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8 8
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Figure 8: History of objective function and camber

imation of the Hessian matrices could be found.
Further studies on Hessian matrices[3] could thus
be valuable.
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